
1 Hybrid system: Teel formulation (or what

I believe after listening to Luca)

By hybrid system here we mean a system of the form
x′(τ) = f(x(τ)) if x(τ) ∈ C τ > τ0
x+(τ) = g(x(τ)) if x(τ) ∈ D τ ≥ τ0
x(τ0) = x0 ∈ C ∪D,

(1.1)

where C and D are closed subsets of Rn, f : C → Rn and g : D → C ∪ D
are two functions. By τ here we mean ”time”, but, as we are going to see,
it will have two components, one continuous and another one discrete. On
C \D, the solution x can only flow by the law x′ = f(x); on the set D\C the
solution can only jump by the law x+ = g(x), where x+ denotes the point
reached after the jump. On the set C ∩D the solution may flow as well as
jump (and it may change mode at every time).

More precisely, a solution of (1.1) is a function x : I → Rn such that

i) I ⊂
⋃+∞

j=0 (Ij × {j}) ⊂ [0,+∞[×N,
ii) Ij ⊆ [0,+∞[ closed interval, possibly singletone,
iii) j′ < j′′ =⇒ t′ ≤ t′′ ∀ t′ ∈ Ij′ , t′′ ∈ Ij′′ ;
iv) ∂x(t,j)

∂t
= f(x(t, j)), if t ∈ intIj and x(t, j) ∈ C

v) x(t, j + 1) = g(x(t, j)), if x(t, j) ∈ D
vi) x(0, 0) = x0

(1.2)

Figure 1 represents the ”time-domain” of a possible solution. We denote
by [t′j, t

′′
j ] any interval Ij. In the example in Figure 1, at the ”time” (0, 0),

the solution starts to flow from a point x0 ∈ C. Then at the ”time” (t′′0, 0)
it jumps from the point x(t′′0, 0) ∈ D to the point x(t′′0, 1) = g(x(t′′0, 0))
(at a jump, the ordinary time remains fixed and the discrete time increases
by one). Being x(t′′0, 1) ∈ D, the solution takes another immediate jump
to x(t′′0, 2) = g(x(t′′0, 1)), which is also a point of D and so the solution
takes again a jump to x(t′′0, 3) = g(x(t′′0, 2)). Now, this last point belongs
to C and hence the solution starts flowing from this point by the dynamics
x′(t, 3) = f(x(t, 3)), for t ∈ (t′3, t

′′
3) (here x′ means the derivative with respect

to the ordinary time, and so the discrete time remains fixed). At the time
(t′′3, 3) the solution has reached a point of D and hence it takes a further
jump to x(t′′3, 4) = g(x(t′′3, 3)). Note that when the solution is on a point of
C ∩D then it may take anyone of the two options: flow or jump.
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Figure 1: Time domain of a solution.
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