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Abstract 

In recent years the advance of Metamaterials has extended into the field of seismic engineering. Many novel concepts 

for vibration mitigation have been proposed ranging from Metabarriers embedded in the soil [1], over supporting 

structures with negative Poisson ratios [2], to Foundations endowed with local resonators [3]. In this work, we present 

the development of a tank-foundation based on locally resonant metamaterials with non-linear oscillators. These non-

linear oscillators are desired to offer a negative stiffness [4] and are therefore referred to as negative stiffness elements 

(NSEs). To give the reader a better idea of the mechanism, the structure is represented in Figure 1.  

 
Figure 1. System design: (a) view of the complete system; (b) NSE mechanism; (c) force equilibrium; (d) force 

displacement path of the NSE for the resonator. 

 

Here, the basic idea is to implement resonators into a foundation, which are in terms endowed with the NSEs. The 

NSEs essentially consist of a prestressed compression member in a snap through position that is held in equilibrium by 

the resonators and their respective springs. When establishing the force equilibrium around the compression member, as 

depicted in Figure 1(c), the force displacement diagram can be obtained with, 

 

𝐹𝑅(𝑣) =
𝑣(−𝑃 + k𝑝(𝑙 − √𝑙2 − 𝑣2))

√𝑙2 − 𝑣2
 (1) 

 

and is shown in Figure 1(d). In order to estimate the effect that the non-linearity has on the metamaterial, the harmonic 

balance method (HBM) will be used to calculate the band gaps. More precisely, a complex Fourier series will be employed 

in its more general form, where both complex conjugates of the amplitudes are considered. After applying this and the 

HBM to the system, an analytic equation for the dispersion relation can be found that is dependent on the non-linearity 

of the system. The formulation of the Floquet-Bloch boundary condition under consideration of the HBM reads, 

𝑢𝑗±1(𝑡) = ∑(𝐵𝑘𝑒𝑖𝑘𝜔𝑡 + �̅�𝑘𝑒−𝑖𝑘𝜔𝑡)

𝑛

𝑘

𝑒±𝑖𝑞𝑘 (2) 

For the application of the HBM, it is necessary to define the number of harmonics that has to be employed for a good 

approximation. Since it is unknown how many harmonics are necessary for the formulation in (1), we use a polynomial 

approximation of the 3rd order for the force displacement path. The third order polynomial can be well approximated with 

the 1st and 3rd harmonic, can be seen in Figure 1(d) as a blue dash-dot line and reads, 

𝐹𝑅(𝑣) = 𝑎𝑣 + 𝑏𝑣3;           𝑎 = −
𝑃

𝑙
;            𝑏 =

𝑘𝑝

𝑙(2𝑘𝑝𝑙 − 𝑃)
 (3) 

Another neat thing about the polynomial approximation is that it makes a clear distinction between the linear and non-

linear part of the NSE. In (3), a clearly depicts the linear initial stiffness, while b represents the hardening of the 
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mechanism. It is now possible to apply (2) and (3) onto the equations of motion of the typical unit cell, represented in 

Figure 2 (a), and derive the non-linear dispersion equation of the system for its first harmonic as, 

 

         𝐶𝑜𝑠(𝑞1) =
2k1k2−k2m1𝜔2−2k1m2𝜔2−k2m2𝜔2+m1m2𝜔4+𝑎(2k1+2k2−(m1+m2)𝜔2)+3𝑏B1B̅1(2k1+2k2−(m1+m2)𝜔2)

2(𝑎(k1+k2)+3𝑏B1B̅1(k1+k2)+k1(k2−m2𝜔2))
 (4) 

 

The non-linearity of the system is clearly determined by the term 𝑏B1B̅1, where b represents the non-linear part of the 

polynomial fit, while B1B̅1 denote the complex wave amplitude of the Fourier spectrum and its complex conjugate, 

respectively. For the sake of demonstration, we fixed the system in terms of geometry and therefore also its non-linear 

behavior b and kept only the amplitude of the travelling wave B1B̅1 as a non-linear parameter. The resulting dispersion 

curves can be seen in Figure 2 (b) and show that for an increase in non-linearity the band-gap shifts towards higher 

frequencies. This makes sense since the negative stiffness provides a softening effect in the system, which reduces with 

an increase in amplitude, also see Figure 1 (d). This system will, in future investigations, be coupled with a superstructure 

and subjected to real seismic records. Therefore, the complete system will be optimized in the frequency domain and 

tested on its performance with non-linear time history analyses. 

 
Figure 2. Band-gap analysis: (a) unit cell depiction; (b) amplitude dependent dispersion curves. 
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