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Summary

This paper introduces a novel seismic isolation system based on metamaterial

concepts for the reduction of ground motion‐induced vibrations in fuel storage

tanks. In recent years, the advance of seismic metamaterials has led to various

new concepts for the attenuation of seismic waves. Of particular interest for the

present work is the concept of locally resonant materials, which are able to

attenuate seismic waves at wavelengths much greater than the dimensions of

their unit cells. Based on this concept, we propose a finite locally resonant

Metafoundation, the so‐called Metafoundation, which is able to shield fuel

storage tanks from earthquakes. To crystallize the ideas, the Metafoundation

is designed according to the Italian standards with conservatism and optimized

under the consideration of its interaction with both superstructure and ground.

To accomplish this, we developed two optimization procedures that are able

to compute the response of the coupled foundation‐tank system subjected to

site‐specific ground motion spectra. They are carried out in the frequency

domain, and both the optimal damping and the frequency parameters of

the Metafoundation‐embedded resonators are evaluated. As case studies for

the superstructure, we consider one slender and one broad tank characterized

by different geometries and eigenproperties. Furthermore, the expected site‐

specific ground motion is taken into account with filtered Gaussian white noise

processes modeled with a modified Kanai‐Tajimi filter. Both the effectiveness

of the optimization procedures and the resulting systems are evaluated through

time history analyses with two sets of natural accelerograms corresponding to

operating basis and safe shutdown earthquakes, respectively.

KEYWORDS

frequency domain analysis, fuel storage tanks, Metafoundation, metamaterials, multiple tuned mass

damper (MTMD), optimization procedure
1 | INTRODUCTION

1.1 | Background and motivations

Natural hazards such as earthquakes can interact with critical infrastructures and cause so‐called natural technological
(NaTech)1 events. They can have serious consequences on both community and environment and, therefore, need to be
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2 BASONE ET AL.
treated with care. One example of such an event is the loss of containment (LoC) of fuel storage tanks, pipelines, or
other components of petrochemical plants and nuclear power plants. LoC events of such critical infrastructures need
to be avoided at the highest priority, as past NaTech disasters have displayed their potential in causing substantial
damage to the community and the environment.2

Fuel storage tanks in petrochemical plants need to be regarded as high‐risk structures, due to their fragility to
earthquakes and their potential for cascading effects.3 Their low impulsive frequencies can fall within the excitation
frequencies of earthquakes, and significant effort is required to isolate them against seismic vibrations.

In order to avoid LoC events from occurring during an earthquake, various strategies have been proposed in the field
of seismic engineering. The most common solutions use lead‐rubber bearings4 or spherical bearing devices.5 In this
work, we investigate a new type of seismic isolation based on a metamaterial concept that may offer an alternative to
classical seismic isolators. Although the performance of classical isolators on superstructures has been studied in
depth,6,7 they require two strong floors, exert a very high stiffness against the vertical component of an earthquake,
and seem to be ineffective for large structures subjected to rocking.8 As a result, we propose an isolation system that
does not require the use of additional strong floors or specialized devices.

In recent years, periodic materials have received growing interest due to their ability to attenuate waves in certain
frequency ranges.9 In principle, there are two types of periodic materials currently investigated for seismic engineering
use: phononic crystals (PCs) and locally resonant acoustic metamaterials (LRAMs). Although both are able to create a
stop band to forbid elastic wave propagation within a selected frequency band, for the attenuation of low‐frequency
vibrations, LRAMs are better suited than PCs. This is due to their capability to exhibit low‐frequency band gaps that
can be endowed with unit cells much smaller than the wavelength of the desired frequency region. This particular
property has opened an innovative direction to reduce earthquake‐induced vibrations.10-12 At the outset, two types of
applications have been proposed based on this phenomenon: (1) foundations with embedded resonators13-16 capable
of attenuating seismic waves effects and (2) barriers that are able to redirect surface waves back into the ground.17-20

More precisely, Cheng and Shi14 studied a periodic foundation composed of a reinforced concrete matrix and steel
masses that are connected to the matrix with rubber layers. They demonstrated the effectiveness of their isolation sys-
tem for a large set of ground motions and applied it to a nuclear power plant. However, the feedback of the superstruc-
ture and the subsequent effects on the effectiveness of the foundation have been neglected. Another highly innovative
approach has been proposed by Casablanca et al21 who studied a foundation composed of concrete plates with embed-
ded cylindrical steel resonators. Although the efficiency of the foundation was proven with experimental tests for
harmonic excitations, no considerations were made on the coupling foundation system superstructure or the effects that
expected seismic records could entail on system functionality. Furthermore, the foundation was not designed for gravity
and/or seismic load combinations. In order to display the effects of the coupling between foundation and superstruc-
ture, La Salandra et al16 investigated a periodic foundation for the isolation of fuel storage tanks in the frequency
domain. They found a significant shift in the desired frequency range for the band gap and, therefore, highlighted
the importance of this feedback effect. On the other hand, they did not optimize their foundation to the coupled system
or considered sets of seismic records for the evaluation of the foundation effectiveness in a realistic scenario.

Following up on the most recent developments, a proper foundation must take into account both the feedback of the
superstructure and the frequency content of the expected earthquake. Moreover, to ensure the feasibility of a realistic
design, the structure needs to be conform to current seismic standards and be equipped with simple links, eg, wire
ropes, capable of achieving certain amount of hysteretic damping. In order to set a design that can comply with all
the aforementioned constraints, we investigated two different types of optimization procedures. These procedures are
carried out in the frequency domain and rely on the principal of tuned mass dampers (TMDs), which represent popular
passive response control devices tuned to oscillate out of phase with the primary system.22-24 It is generally recognized,
indeed, that TMDs are not generally effective at reducing seismic responses, due to the fact that earthquakes include a
wide frequency spectrum and often entails large vibrations for higher modes.25 As a solution, multiple tuned mass
dampers (MTMD) have been proposed. Thus, it has been shown that MTMDs, with multiple different eigenproperties,
can reduce the effects that ground motions entail on buildings.26-29 For these more complex systems, various optimiza-
tion procedures have been established.30-33

In contrast to classical MTMD systems, the resonators of the proposed design are located below the structure instead
of in correspondence with the governing modes. This needs to be taken into account by the optimization procedures.
More precisely, the procedures are characterized by two different optimization parameters that are studied and com-
pared herein: (1) the maximum absolute acceleration of the impulsive mode of a tank and (2) the dissipated energy
of the resonators compared with the total amount of dissipated energy. The optimization of nonconventional TMDs
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towards the dissipated energy is a procedure introduced by Reggio and De Angelis34 and has been adapted to the
proposed design. Finally, we validate the system with time history analyses (THAs) and highlight the advantage in
terms of base shear reduction when compared with a traditional foundation.
1.2 | Scope

Along those lines, the following issues are explored hereinafter: (1) a foundation design based on the concept of
metamaterials compliant with common construction standards, ie, the Italian structural code35; (2) the effect of the
foundation flexibility on its dynamic performance; and (3) an optimization procedure that takes the feedback of a super-
structure and the relevant earthquake frequency content into account.

More precisely, the elastic design of the foundation is carried out considering a response spectrum provided by the
Italian code for an active seismic site located in Priolo Gargallo, Sicily, Italy. Once the principal dimensions are fixed, a
set of ground motions that correspond to the uniform hazard spectrum (UHS) specified for the site can be chosen. Then,
an average power spectral density (PSD) of these accelerograms is evaluated and fitted with a modified Kanai‐Tajimi
filter. In detail, we use a Kanai‐Tajimi filter modified by Clough and Penzien (KTCP filter) and investigate three typical
soil types and the abovementioned fitted “soil type.” With the results of these initial calculations, the optimization pro-
cedures can be employed to set the optimal values for frequency and damping ratio of the metafoundation resonators.
As a result, the structure is modeled as a whole and investigated on its effectiveness. This is done with THAs of the
coupled optimized foundation‐tank systems subjected to the previously chosen seismic records.

The remainder of the paper is organized as follows. Firstly, the description of fuel storage tanks and the evaluation of
the seismic activity of the construction site is presented in Section 2. Section 3 introduces considerations on the
uncoupled metamaterial‐based system and negativity concepts. Both modeling and design of the foundation‐tank
coupled system are presented in Section 4. Moreover, Section 5 provides optimization procedures for the evaluation
of the optimal parameters of resonators. In addition, both evaluation and comparison of the coupled systems subjected
to ground motions are given in Section 6. Finally, we draw conclusions and present future developments in Section 7.
2 | DESCRIPTION OF THE FOUNDATION ‐TANK COUPLED SYSTEM

Steel columns with hollow steel sections and concrete slabs that define the unit cells compose the foundation. In each unit
cell, there is a concrete mass that is linked to the steel‐concrete composite structure. In order to provide high and control-
lable damping values as required by the optimization process, see Section 4; these links can be realized with wire ropes36

as sketched in Figure 4A. If properly designed, wire ropes can achieve the required damping values collected in Tables 5
and 6, respectively, of Section 5. Moreover, to allow for the displacement of resonators, a gap of 200 mm between columns
and concrete masses, ie, resonators, was considered. Both the isometric and the plan views of the coupled foundation‐tank
system are illustrated in Figure 1. In particular, the superstructure corresponds to a slender fuel storage steel tank.
2.1 | Fuel storage tank modeling

The hydrodynamic response of a tank‐liquid system is mainly characterized by two different contributions, called
impulsive and convective components, respectively. If the tank walls are assumed to be rigid, the impulsive component
represents the portion of liquid that moves synchronously with the tank walls. Conversely, the liquid that moves with a
long‐period sloshing motion in the upper portion of the tank is represented by the convective component. Since there
are significant differences in their natural periods, they can be considered uncoupled.37 A simplified procedure for
modeling storage tanks with flexible walls has been proposed by Malhotra et al,37 who reduced the tank response to
the contribution of two main modes in a plane, through coefficients dependent on tank parameters. In this respect,
Figure 2 shows the sketch of a fuel storage tank and its equivalent 2D lumped mass model.

The two SDoFs that simulate both the impulsive and convective modes are connected to a rigid frame that includes
the tank wall mass. Accordingly,37 the vibration periods Ti and Tc and the relevant modal masses mi and mc can be
evaluated as

Ti ¼ CiH

ffiffiffiffiffiffi
ρR
Et

r
; Tc ¼ Cc

ffiffiffi
R

p
(1)



FIGURE 1 Foundation‐slender tank coupled system: (A) isometric view with steel columns and (B) plan view. Dimensions in meters

[Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 Fuel storage tank: (A) isometric view and (B) 2D modeling with two SDoFs for the impulsive and convective mode (after
37
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mi ¼ γiml ; mc ¼ γcml (2)

where E, ρ, and ml denote the Young modulus of the tank wall, the material density, and the total mass of the liquid,
respectively; H and R define the liquid height and tank radius, respectively; t is the equivalent uniform thickness of the
tank wall while Ci, Cc, γi, and γc are the parameters that depend on the tank slenderness. This procedure considers also
the remaining mass ms lumped to the bottom plate of the tank.

Clearly, the impulsive mode is strongly dependent on the fluid level and the stiffness of the tank walls, while the
convective mode is mainly influenced by the tank radius. The stiffness values of the equivalent linear springs ki and
kc can be calibrated to match the tank properties as follows,

ki ¼ mi
2π
Ti

� �2

; kc ¼ mc
2π
Tc

� �2

(3)

Since the impulsive mode contains the highest participant mass, especially for slender tanks, the Metafoundation
has been designed for the attenuation of the impulsive mode.

In this paper, two types of tanks characterized by different height H, radius R, and tank wall thickness t have been
considered. Table 1 shows the main geometrical characteristics of the two considered tanks and the resulting frequen-
cies for their impulsive and convective modes.

Malhotra et al )

http://wileyonlinelibrary.com
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2.2 | Modeling of the coupled foundation‐tank system

The two SDoFs that simulate the tank‐liquid system along the X direction (see Figure 1) are defined in the previous sub-
section and depicted in Figure 3. Moreover, the Metafoundation modeling is carried out condensing both masses and
stiffnesses of the resonators of each layer to one stack of unit cells. This dynamic condensation in both X and Y direction
is exact, since all the resonators are endowed with the same mass m2,i and stiffness k2,i and operate in parallel in each
layer. The same condensation is also applied to masses m1,i and stiffnesses k1,i of the unit cells, which are assumed to
behave as a shear‐type system. Therefore, being interested in the motion along, let us say the X direction, each layer
consists of only two DoFs: one for the resonators and one for the cells, respectively.

A sketch of the system and the corresponding lumped mass model is shown in Figure 3A for the single‐layer foun-
dation, and in Figure 3B for the two‐layered foundation. From a model viewpoint, the resonators are attached to the
upper layer via springs and are assumed to slide on a friction less surface.

Hence, the system of the equations of motion (EOM) can be defined as follows:

M €u tð Þ þ C _u tð Þ þK u tð Þ ¼ −M τ€ug tð Þ (4)

where M, C, and K are the mass, damping, and stiffness matrices, respectively, while €u tð Þ, _u tð Þ, and u(t) denote the
acceleration, velocity, and displacement vector. Furthermore, τ is the mass influence vector while €ug tð Þ represents the
ground acceleration. As a result, M and K read

M ¼

m1 þms 0 0 0

0 m2 0 0

0 0 mc 0

0 0 0 mi

26664
37775; K ¼

k1 þ k2 þ kc þ ki −k2 −kc −ki

−k2 k2 0 0

−kc 0 kc 0

−ki 0 0 ki

26664
37775 (5)
TABLE 1 Main characteristics of broad and slender tanks

Broad Tank Slender Tank

Diameter, m 48.0 8.0

Wall thickness, mm 20.0 6.0

Tank height, m 15.6 14.0

Maximum liquid height, m 15.0 12.0

Convective frequency, Hz 0.34 0.12

Impulsive frequency, Hz 6.85 3.95

FIGURE 3 Tank‐foundation coupled systems: (A) one‐layer case and (B) two‐layer case [Colour figure can be viewed at

wileyonlinelibrary.com]

http://wileyonlinelibrary.com


6 BASONE ET AL.
M ¼

m1 0 0 0 0 0

0 m2 0 0 0 0

0 0 m1 þms 0 0 0

0 0 0 m2 0 0

0 0 0 0 mc 0

0 0 0 0 0 mi

26666666664

37777777775
; K ¼

k1 þ k2 þ k1 −k2 −k1 0 0 0

−k2 k2 0 0 0 0

−k1 0 k1 þ k2 þ kc þ ki −k2 −kc −ki

0 0 −k2 k2 0 0

0 0 −kc 0 kc 0

0 0 −ki 0 0 ki

26666666664

37777777775
(6)

for the Metafoundation with one and two layers, respectively.
More precisely, m1, m2, k1, and k2 denote the total mass of the cells, the mass of the resonators, the horizontal stiff-

ness of all columns, and the stiffness of all springs attached to the resonators, respectively. Additionally, ms is assigned
to the top slab of the Metafoundation.
2.3 | Seismic design of the Metafoundation

The construction site of the aforementioned foundation‐tank system was chosen to be Priolo Gargallo (Italy), which is
characterized by a peak ground acceleration PGA of 0.56 g for safe shutdown earthquake and soil type B. Since the foun-
dation is supposed to remain undamaged even for SSE earthquakes, according to the conservative Italian code require-
ments for shallow foundations,35 the columns are designed to remain elastic for PGAs corresponding to a return period
of 2475 years. The resulting stresses and modal displacements of the coupled system (see Figure 3) were combined with
the complete quadratic combination and provided a lower bound for the cross‐sectional dimensions of the steel columns
shown in Figure 4B.

As a result, four Metafoundations characterized by different combinations of layers and column heights were
designed. The relevant geometrical characteristics are collected in Table 2, and the nomenclature can be found in
Figure 4.
2.4 | Site‐specific seismic hazard and accelerogram selection

In order to evaluate the seismic activity of the construction site, ie, Priolo Gargallo, two sets of natural accelerograms
were selected with 10% and 5% probability of exceedance in 50 years, ie, the so‐called operating basis earthquakes
(OBE) and safe shutdown earthquakes (SSE), respectively.38 These accelerograms are listed in Table 3. They are selected
so that their mean spectrum fits in a least‐square sense the uniform hazard spectrum (UHS), and are used in Section 6
for the validation of the metafoundation designs.

Although more sophisticated techniques are present in the literature, see, for instance, the conditional mean spec-
trum (CMS),39 the aforementioned UHS procedure is considered herein.40 More precisely, methods like the CMS can
reduce the dispersion of the response spectra at different periods, which is very important for a probabilistic analysis
based on fragility functions. Nonetheless, the present work focuses on the feasibility of an innovative metamaterial‐
based design, and therefore, the UHS‐based procedure suffices.
(A) (B)

FIGURE 4 Two‐layer metafoundation: (A) cross section of the foundation and (B) cross section of a steel column [Colour figure can be

viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


TABLE 2 Geometrical characteristics of each foundation layout

Section L2H3 L2H4 L1H3 L1H4

Number of layers 2 2 1 1

h, m 1.5 2.0 3.0 4.0

w, mm 200 230 250 300

t, mm 30 30 30 30
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Both the response spectra of selected accelerograms and the UHS of Priolo Gargallo are shown in Figure 5; a
careful reader can note that the seismic events exhibit a good mean fit of the UHS with a significant dispersion in
frequency content.
3 | UNCOUPLED SYSTEM PROPERTIES AND METAMATERIAL CONCEPT

3.1 | Properties of a periodic lattice

If the Metafoundation described in Section 2.2 can be designed as a periodic system, relevant unit cells can suppress the
propagation of seismic waves in certain frequency regions.13,14 These regions are called band gaps and can be deter-
mined by means of a lattice dispersion analysis using the Floquet‐Bloch theorem.41 Under the aid of this theorem, it
becomes possible to reduce the study of an infinite lattice to the analysis of a single unit cell with Floquet‐Bloch qua-
siperiodic boundary conditions. After imposing these conditions, a frequency dispersion analysis can be carried out
and the band gaps of the system can be found. According to the Floquet‐Bloch theorem, the solution u(x,t) for a peri-
odic system reads

u x; tð Þ ¼ uke
i qx−ωtð Þ (7)
TABLE 3 List of natural accelerograms for both OBE and SSE events

OBE SSE

Event Country M R, km Event Country M R, km

Loma Prieta\ USA 6.93 3.85 Victoria Mexico Mexico 6.33 13.8

Kalamata Greece 5.90 11.00 Loma Prieta USA 6.93 3.85

South Iceland Island 6.50 15.00 Northridge‐01 USA 6.69 20.11

L'Aquila Mainshock Italy 6.30 4.87 Montenegro Montenegro 6.90 25.00

Friuli Earthquake Italy 5.60 26.21 Erzincan Turkey 6.60 13.00

Northridge‐01 USA 6.69 20.11 South Iceland Island 6.50 7.00

Umbria Marche Italy 6.00 11.00 L'Aquila Mainshock Italy 6.30 4.87

Montenegro Montenegro 6.90 16.00 Loma Prieta USA 6.93 11.03

Erzincan Turkey 6.60 13.00 Landers USA 7.28 11.03

Friuli Italy‐01 Italy 6.50 14.97 South Iceland Island 6.40 11.00

South Iceland Island 6.40 12.00 L'Aquila Mainshock Italy 6.30 4.63

Ano Liosia Greece 6.00 14.00 L'Aquila Mainshock Italy 6.30 4.39

L'Aquila Mainshock Italy 6,30 4.63

L'Aquila Mainshock Italy 6.30 4.39

L'Aquila Mainshock Italy 6.30 5.65

South Iceland Island 6.50 7.00

Northridge‐01 USA 6.69 35.03



FIGURE 5 Response spectra of the selected accelerograms: (A) UHS for OBE and (B) UHS for SSE [Colour figure can be viewed at

wileyonlinelibrary.com]
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where q = [qx,qy,qz]
T is the wave vector that becomes a scalar q = qx = 2π/λ in the uniaxial case, where λ defines the

wavelength, while ω represents the circular frequency. In the uniaxial case, the solution u(x + R) of the periodic lattice
becomes

u x þ Rð Þ ¼ ueiqR (8)

where R is the lattice constant. Furthermore, in order to apply these conditions, the EOMs of a typical cell need to be
considered,

mj
1
d2uj

1

dt2
− k1u

j−1
1 þ k1u

j
1 þ k2u

j
1 þ k1u

j
1 − k2u

j
2 − k1u

jþ1
1 ¼ 0 (9)

mj
2
d2uj

2

dt2
− k2u

j
1 þ k2u

j
2 ¼ 0 (10)

where mi, ki, and ui denote masses, stiffnesses, and displacements of both cells and resonators indicated in Figure 6A,
while the superscript j determines the position of the unit cell, ie, j, unit cell under study, j − 1, unit cell below and j + 1,

unit cell above. After the imposition of the boundary condition (8) onto the terms ujþ1
1 and uj−11 in (9) and (10), respec-

tively, the discrete eigenvalue problem can be formulated as

K − ω2M
� �

u ¼ 0 (11)

The nontrivial solutions of (11), with applied boundary conditions and under consideration of the trigonometric
relationship eiqR = cos (qR) + i sin (qR), yields the following dispersion relationship,

m1m2ω4 − m1 þm2ð Þk2 þ 2m2k1 1 − cos qRð Þð Þ½ �ω2 þ 2k1k2 1 − cos qRð Þð Þ ¼ 0 (12)

Thus, Figure 6 illustrates the dispersion relation and corresponding band gap of an infinite periodic stack of unit
cells for the configuration L2H4 presented in Section 2.3. Clearly, a band gap forms in the frequency range of 1 to
1.7 Hz, which according to the Floquet‐Bloch theorem does not allow the propagation of elastic waves.

However, this result is only valid for an infinite lattice. Therefore, additional analyses are presented hereinafter for
the case of a finite foundation.

http://wileyonlinelibrary.com


FIGURE 6 A, One‐dimensional mass‐resonator chain model. B, Dispersion relation for an infinite stack of unit cells with the geometric

properties of L2H4. [Colour figure can be viewed at wileyonlinelibrary.com]
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3.2 | Concept of seismic isolation and negative apparent mass

Another well‐known concept for the protection of critical infrastructures is seismic isolation.42 In this regard, the linear
theory of seismic isolation42 entails that the dynamic response of a base‐isolated structure is governed by the parameter
ε = ωb

2/ωs
2, where ωb is the frequency of the base‐isolated structure and ωs is the fundamental frequency of the fixed‐base

structure. If ε is of the order of 10−2 or less, the design of the seismic isolation can be considered effective. For the case at
hand, the impulsive mode of the tank, described in Section 2.1, is the one of interest. Therefore, ωs becomes the impulsive
frequency of the uncoupled system, ie, ωs = ωi, and ωb defines the frequency of the impulsive mass mi of the tank.

With regard to the coupled system (see Figure 3), it becomes evident that the stiffness of the columns has a direct
influence on ε. In fact, note that a weakening of the columns entails a reduction of ε, which in turns improves the iso-
lation behavior of the coupled system. Hence, the elastic design of the Metafoundation discussed in Section 2.3 provides
a minimum value for the columns cross section and, therefore, governs the horizontal stiffness value.

Furthermore, to exploit the negative apparent mass concept,43 we consider resonators endowed with masses
larger than the one of the unit cell, as shown in Figure 7A. The apparent mass of the system Mapp(ω) depicted in
Figure 7B reads

Mapp ωð Þ ¼ m1 −
k1
ω2

þ k2
ω2
2 − ω2

(13)

where ω2 is the frequency of the resonator and ω represents the forcing frequency. It is clear from Figure 7B that the
effective mass becomes negative when the forcing frequency is near to the resonance one. Since the acceleration
FIGURE 7 A, Schematization of a unit cell. B, Apparent mass as a function of forcing frequency [Colour figure can be viewed at

wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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response is opposing to the applied force, the response amplitude is reduced. This effect is greatly magnified as the input
frequency ω approaches the local resonance frequency ω2.
4 | OPTIMIZATION PROCEDURE OF THE METAFOUNDATION

Metamaterials are typically designed for their band gap properties. However, for a finite lattice, the interaction of the
metamaterial with the superstructure can have a significant impact on its dynamic behavior.27 Furthermore, it is
established that the frequency content of an earthquake is highly site specific and may change significantly for different
sites. Therefore, to take these issues into account, we propose two optimization procedures herein that are able to opti-
mize the coupled system, for a specific frequency content and a chosen superstructure. In particular, these procedures
evaluate the optimal parameters of the resonators, namely k2 and ζ 2.

With regard to m2, based on both the considerations of Section 3.2 on the apparent mass, and the main limitation of
TMDs, being the low mass of the damper,34,44 we design the resonators to exert the largest mass compatible with the
unit cell dimensions. As a result, the remaining free parameters in the optimization procedure are (1) the stiffness k2
of each resonator and (2) the damping ratio ζ2 of each resonator.
4.1 | Ground motion modeling

In a first step, the earthquake ground motions are modeled as a stationary Gaussian‐filtered white noise random process
with zero mean and spectral intensity S0. In this respect, Kanai and Tajimi45 proposed an analytical formulation able to
simulate a site‐specific PSD, which has later been modified by Clough and Penzien.46 This formulation is based on the
Kanai‐Tajimi filter modified by Clough and Penzien and, for brevity, is referred to as KTCP. The KTCP filter is evalu-
ated as

H2
KTCP iωð Þ ¼ H2

CP iωð Þ H2
KT iωð Þ (14)

where HCP (iω) attenuates the very low‐frequency component introduced by Clough and Penzien, and HKT (iω) denotes
the soil filter suggested by Kanai and Tajimi. The filters read

HCP iωð Þ ¼
ω2

ω2
1

1 −
ω2

ω2
1

� �
þ 2iζ g

ω
ωg

(15)

HKT iωð Þ ¼
1þ 2iζ g

ω
ωg

1 −
ω2

ω2
g

 !
þ 2iζ g

ω
ωg

(16)

where ωg and ζg are the frequency and damping ratio that describe the characteristics of the soil, while ω1 and ζ1 denote
the parameters of the low‐pass filter introduced by Clough and Penzien.
4.2 | Optimization procedures in the frequency domain

The evaluation of the response of the coupled system is evaluated in the frequency domain herein. Hence, the system of
EOMs of the coupled foundation‐tank system can be written as

M€u tð Þ þ C _u tð Þ þKu tð Þ −Y tð Þ ¼ −Mτ€ug tð Þ (17)

mjl €yjl tð Þ þmjl2ζ rl ωrl _yjl tð Þ þmjl ω2
rl yjl tð Þ ¼ −mjl €ug tð Þ þ €uj tð Þ�

�
(18)
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where Y(t) is the force vector applied to the Metafoundation by the resonators; €yjl tð Þ, _yjl tð Þ, and yjl(t) define the acceler-

ation, velocity, and displacement of the lth resonator on the jth layer, while, mjl, ζrl, and ωrl represent the mass, damping
ratio, and frequency of the resonators, respectively. We condense the masses of the resonators of each layer as shown in
the Section 2.2. Therefore, the jth component of the vector Y(t) can be evaluated as

∑
Nr

l¼1
mjl 2ζ rlωrl _yjl tð Þ þ ω2

rlyjl tð Þ�
h

(19)

where Nr is the number of resonators in each layer. Through modal transformation, the displacement vector u(t) can be
defined as

u tð Þ ¼ Φq tð Þ (20)

where q(t) is the vector that represents the generalized coordinates of the coupled system, while Φ denotes the eigen-
vector matrix. Substituting (20) in (17) and premultiplying by ΦT, the jth equation of motion becomes

€qk tð Þ þ 2ζ kωk _qk tð Þ þ ω2
kqk tð Þ − ∑

N

j¼1
φk jð Þ∑

Nr

l¼1
mjl 2ζ rlωrl _yjl tð Þ þ ω2

rlyjl tð Þ
h i

¼ −Γk€ug tð Þ (21)

where qk(t), ζk, ωk, Γk, and φk(j) are the generalized coordinate, damping ratio, eigenfrequency, mass participation fac-
tor, and mode value, of the kth mode at the jth layer, respectively.

In order to obtain the transfer functions of the system, we define ground acceleration, modal displacement, displace-

ment, and forcing term as €ug tð Þ ¼ eiωt, qk tð Þ ¼ Tqk iωð Þ eiωt, uj tð Þ ¼ Tuj iωð Þ eiωt, and yjl tð Þ ¼ Tyjl iωð Þ eiωt, respectively,

assuming a unit amplitude for €ug tð Þ. Substituting these relationships into (18) and (21), we obtain

Tqk iωð Þ
Hk iωð Þ − ∑

N

j¼1
φk jð Þ ∑

Nr

l¼1
mjl i2ζ rlωrlωþ ω2

rl

� �
Tyjl iωð Þ ¼ −Γk (22)

Tyjl iωð Þ
Hrl iωð Þ ¼ − 1þ ω2Tuj iωð Þ (23)

where Hk (ω) and Hrl (ω) define the transfer functions of an SDoF system,

Hk iωð Þ ¼ 1

ω2
k − ω2 þ i2ζ kωkω

� � (24)

Hrl iωð Þ ¼ 1

ω2
rl − ω2 þ i2ζ rlωrlω

� � (25)

The modal transformation (20) combined to (22) and (23) entail the displacement transfer function Tuj iωð Þof (23).
Subsequently, the transfer functions of the interstorey drift Dj (iω), relative velocity Vj (iω), and absolute acceleration
Aj (iω) can be evaluated as,

Dj iωð Þ ¼ Tuj
iωð Þ − Tuj− 1 iωð Þ

Vj iωð Þ ¼ iω Tuj iωð Þ
Aj iωð Þ ¼ 1 − ω2Tuj iωð Þ

(26)

Hence, the power spectral density (PSD) of u(t) can be evaluated as

Suu ωð Þ ¼ Huu iωð Þj j2SKTCP ωð Þ (27)

where Suu(ω) denotes the PSD of u(t), while Huu (iω) represents a generic transfer function of the coupled system. Fur-
thermore, based on the Wiener‐Khintchine transformations, the autocorrelation function Ruu(τ) the variance σ2 of a
generic response can be calculated as
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σ2uu ¼ Ruu 0ð Þ ¼ ∫
þ∞

−∞
Suu ωð Þ dω (28)

Hence, the variance of drift σ2Dj
, velocity σ2Vj

, and absolute acceleration σ2Aj
at the jth layer can be computed by means

of (27) and (28) as

σ2Dj
¼ ∫

þ∞

0
Dj iωð Þ		 		2H2

KTCP ωð Þ dω

σ2Vj
¼ ∫

þ∞

0
Vj iωð Þ		 		2H2

KTCP ωð Þ dω

σ2Aj
¼ ∫

þ∞

0
Aj iωð Þ		 		2H2

KTCP ωð Þ dω

(29)

4.3 | Optimization parameters

In order to compute the optimal parameters of the resonators, we can use the variances of the responses of the coupled
system defined in (28). More precisely, to evaluate the effectiveness of the Metafoundation and the optimal stiffness and
damping ratio of the system, two parameters, the performance index (PI) and the energy dissipation index (EDI), are
defined based on (1) the reduction of the absolute acceleration of the impulsive mass mi and (2) the energy dissipated
by the resonators.

The PI can be defined as

PI ζ 2;ω2ð Þ ¼ σ2A i
ζ 2;ω2ð Þ

σ2A i

fix (30)

where σ2
A i

is the variance of the absolute acceleration of the impulsive mass of the coupled system as a function of the

damping ratio and the frequency of the resonators, while σ2
A i

fix defines the same quantity for a coupled system with a

fixed base. As a result, the optimal values of the unknown parameters are obtained reducing the absolute acceleration of
the impulsive mass of the superstructure as follows,

ζ opt
2 ; ω opt

2 ¼ min PI ζ 2;ω2ð Þ½ � (31)

As far as the EDI is concerned, it is based on the dissipated energy by the resonators with respect to the input
energy.34 In this case, the jth equation of motion can be written in terms of relative energy balance by multiplying each
term by the velocity of the jth degree of freedom and then integrating over time, yielding

Ekj tð Þ þ Edj tð Þ þ Eej tð Þ ¼ Eij tð Þ þ Ef j tð Þ (32)

where Ekj tð Þ is the relative kinetic energy, Edj tð Þ defines the energy dissipated by viscous damping, Eej tð Þ is the elastic

strain energy,Eij tð Þ represents the relative input energy, andEf j tð Þ is the energy flowing between the degrees of freedom.

Since the seismic input is a stochastic process, (32) has to be formulated in terms of expected values as

E Ekj

� �þ E Edj

� �þ E Eej

� � ¼ E Eij

� �þ E Ef j

h i
(33)

In particular, if we consider the conservation of mechanical energy in a finite time increment Δt, (33) becomes

E ΔEdj

� �
− E ΔEf j

h i
¼ E ΔEij

� �
(34)

Reggio and De Angelis34 proved that the relative input energy of the system is equal to the dissipated one, thus
resulting in
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∑
N

j¼1
E Ef j

h i
¼ 0 (35)

where N defines the degree of freedom of the system. Thus, the EDI can be expressed as

EDI ζ 2;ω2ð Þ ¼
∑
Nr

r¼1
E ΔEdr ζ 2;ω2ð Þ½ �

∑
N

j¼1
E ΔEdj ζ 2;ω2ð Þ� � (36)

where Nr indicates the number of resonators. More details about the evaluation of these terms can be found in the pre-
vious study.34

Finally, the optimal damping ratio ζ2
opt and frequency parameter ω2

opt are obtained by maximizing the energy dis-
sipated by the resonators with respect to the one dissipated by the whole coupled system,

ζ opt
2 ; ω opt

2 ¼ max EDI ζ 2;ω2ð Þ½ � (37)

5 | RESULTS OF METAFOUNDATION OPTIMIZATIONS

In order to apply the optimization procedures described in the previous section, three different types of soils—soft,
medium, and rock soil47—modeled with the KTCP filter are considered, as shown in Figure 8A. Furthermore, to eval-
uate the PSD of the ground motions representative for the construction site, the procedure described in Appendix 1 is
applied to the seismic records selected in Section 2.4. Thus, in order to fit the PSD functions that characterize the OBE
and SSE events, the parameters of the KTCP filter (S0, ωg, ζg, ω1, and ζ1) were evaluated. The resulting PSD functions
and the fitted KTCP‐filtered estimates are shown in Figure 8B and 8C, respectively, while Table 4 displays the relevant
parameters.

The optimization procedure is carried out for each Metafoundation described in Table 2. Thus, with reference to the
L1H4 foundation with a slender tank, typical results are depicted in Figure 9 that show both the surface and the contour
line of PI, respectively, corresponding to the SSE case for the Priolo Gargallo site. The same information is illustrated in
Figure 10 for EDI.

In order to select the optimal combination of coupled Metafoundation‐tank systems, taking into account different
soil properties, four different foundations with two distinct tanks, as described in Sections 2.1 and 2.3, are subjected
to five different PSDs and evaluated by means of PI and EDI parameters. Thus, Tables 5 and 6 summarize the optimal
parameter values ζ2

opt and ω2
opt of the resonators for slender and broad tanks, respectively. The results show that PI and

EDI yield very similar optimal frequencies for the resonators, while the optimal damping ratio is found to be higher for
the EDI approach. Clearly, this is related to the fact that the EDI parameter focuses on the amount of energy that is
being dissipated by the resonators. A better comparison between the results provided by the two indices can be done
after time history analyses carried out in Section 6.
FIGURE 8 PSD functions of filtered white noises: (A) KTCP filter for three types of soil, (B) average PSD and KTCP fit for OBE events, and

(C) average PSD and KTCP fit for SSE events [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


TABLE 4 Parameters of the KTCP filter

Type of Soil S0, m
2/s3 ωg, rad/s ζg ω1, rad/s ζ1

Soft 1.0 10.5 0.65 1.0 0.7

Medium 1.0 15.6 0.60 1.0 0.7

Rock 1.0 31.4 0.55 1.0 0.7

Priolo Gargallo (OBE) 0.037 12.0 0.60 2.0 0.62

Priolo Gargallo (SSE) 0.090 14.0 0.60 0.75 1.90

FIGURE 10 EDI optimization of a slender tank on an L1H4 foundation with SSE records: (A) optimization surface vs resonator

parameters and (B) contour lines of the optimization surface [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 9 PI optimization of a slender tank on an L1H4 foundation with SSE records: (A) optimization surface vs resonator parameters

and (B) contour lines of the optimization surface [Colour figure can be viewed at wileyonlinelibrary.com]
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The results of the optimization also confirm the effectiveness of the isolation effect provided by the unit cells. With
regard to the PI and EDI values of the system for different foundations, while also observing the isolation parameter ε, it
becomes clear that the Metafoundation reduces stresses not only due to its metamaterial like or TMD like properties but
also because of its capability to exert a limited amount of seismic isolation. As a result, the L1H4 foundation performs
better in terms of both PI and EDI due to its small epsilon value.

With regard to the ground‐metafoundation coupling, more flexible foundations perform better in firm soils due to
the maximum decoupling between soil and foundation frequency content. The best performance is obtained for the
L1H4 foundation with rock soil for both PI and EDI values.

When comparing the parameters of the KTCP‐fitted PSD obtained for the Priolo Gargallo soil to the standard KTCP
soil filters (see Table 4), it becomes apparent that the Priolo Gargallo site is in between medium and soft soil. Moreover,
Table 5 shows that similar optimal resonator parameters are obtained for both Priolo Gargallo soils.

The optimization procedure for the broad tank provides lower values for ζ2
opt and ω2

opt compared with the slender
tank, since it has a different geometry and, therefore, exerts lower eigenfrequencies.

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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However, analogously to the slender tank, also the broad tank shows better results for a more flexible foundation in
firm soils. Note that more favorable results are obtained for the broad tank, with respect to the slender one, despite the
increased ε value. This is due to the decoupling of the eigenfrequency of the coupled system and the frequency content
of the soil filter. In addition, the results show that the fitted KTCP‐filtered soils are located between medium and soft
soil types.
6 | STRUCTURAL RESPONSES PROVIDED BY TIME HISTORY ANALYSES

In order to evaluate the performance of the proposed Metafoundation under realistic ground motions, THAs were
carried out for the OBE and SSE events. The base shear of the tank was assumed to be the governing factor for the
performance of the system and can be calculated as follows:

V ¼ ki ui − utlð Þ þ kc uc − utlð Þ (38)
TABLE 5 Optimal parameters based on both PI and EDI for the slender tank

Type of Soil
Optimal
Parameters

L2H3 ε = 0.48 L2H4 ε = 0.38 L1H3 ε = 0.33 L1H4 ε = 0.27

PI EDI PI EDI PI EDI PI EDI

Soft ζ2
opt

ω2
opt, rad/s

Index

0.17
24.40
0.80

0.20
22.62
0.85

0.22
19.60
0.76

0.28
16.34
0.92

0.25
17.20
0.70

0.29
15.08
0.92

0.29
14.00
0.65

0.33
11.31
0.94

Medium ζ 2
opt

ω2
opt, rad/s

Index

0.17
24.30
0.78

0.18
23.88
0.88

0.21
19.70
0.70

0.23
18.85
0.93

0.24
17.60
0.61

0.27
16.34
0.93

0.26
15.10
0.52

0.30
13.82
0.94

Rock ζ 2
opt

ω2
opt, rad/s

Index

0.15
26.00
0.44

0.17
26.39
0.87

0.20
22.10
0.31

0.24
21.36
0.91

0.25
20.10
0.23

0.28
18.85
0.90

0.31
17.00
0.17

0.33
15.08
0.95

Priolo Gargallo
TR = 475 years

ζ 2
opt

ω2
opt, rad/s

Index

0.17
24.30
0.82

0.20
22.62
0.87

0.22
19.40
0.79

0.25
17.59
0.93

0.25
17.00
0.72

0.28
15.08
0.93

0.28
14.00
0.66

0.30
12.57
0.95

Priolo Gargallo
TR = 2475 years

ζ 2
opt

ω2
opt, rad/s

Index

0.17
24.30
0.79

0.18
23.88
0.89

0.21
19.50
0.73

0.24
18.85
0.94

0.24
17.40
0.65

0.27
16.34
0.94

0.27
14.60
0.56

0.29
13.82
0.95

TABLE 6 Optimal parameters based on both PI and EDI for the broad tank

Type of Soil
Optimal
Parameters

L2H3 ε = 0.77 L2H4 ε = 0.69 L1H3 ε = 0.63 L1H4 ε = 0.57

PI EDI PI EDI PI EDI PI EDI

Soft ζ 2
opt

ω2
opt, rad/s

Index

0.08
18.70
0.79

0.10
18.85
0.80

0.14
16.90
0.71

0.16
16.34
0.88

0.18
15.30
0.64

0.21
15.08
0.89

0.23
13.20
0.56

0.27
12.57
0.91

Medium ζ 2
opt

ω2
opt, rad/s

Index

0.08
18.80
0.72

0.10
18.85
0.80

0.13
17.00
0.60

0.14
17.59
0.88

0.18
15.80
0.52

0.20
16.34
0.88

0.23
14.10
0.42

0.27
13.82
0.92

Rock ζ 2
opt

ω2
opt, rad/s

Index

0.09
20.10
0.49

0.09
20.11
0.75

0.14
17.90
0.36

0.14
18.85
0.84

0.17
17.70
0.28

0.20
17.59
0.84

0.22
15.90
0.21

0.28
15.08
0.94

Priolo Gargallo
TR = 475 years

ζ 2
opt

ω2
opt, rad/s

Index

0.10
18.90
0.78

0.10
18.85
0.81

0.15
16.70
0.70

0.15
16.34
0.89

0.19
15.50
0.62

0.21
15.08
0.90

0.23
13.40
0.53

0.27
12.57
0.93

Priolo Gargallo
TR = 2475 years

ζ 2
opt

ω2
opt, rad/s

Index

0.09
19.00
0.73

0.10
18.85
0.81

0.14
16.90
0.63

0.14
17.59
0.89

0.18
15.90
0.54

0.20
16.34
0.89

0.23
13.90
0.44

0.26
13.82
0.92
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where ui, uc, and utl denote the displacement of the impulsive mass, the displacement of the convective mass, and the
displacement of the top layer of the foundation, which coincides with the bottom of the tank, respectively.

As a result, the reduction of the tank base shear due to the presence of a Metafoundation can be evaluated as

α ið Þ ¼ VRMS ið Þ

VRMS; fix ið Þ
(39)

where VRMS and VRMS, fix are the root mean square (RMS) values of the base shear of a tank on a Metafoundation and a
tank on a fixed‐base foundation, while i denotes the seismic event under study. This index displays the stress reduction
of the Metafoundation with respect to a traditional foundation.
6.1 | Results for the coupled foundation‐slender tank system

Herein, Figure 11 shows the RMS of the base shear of the coupled system subjected to SSE events. More precisely, it
compares the results of the Metafoundation optimized with PI and EDI with the response of a fixed‐base tank. It is
worth noting that the results of the THAs show a high dispersion for the base shear when correlated with the PGA. This
is due to the wide variety of frequency and amplitude content of the accelerograms depicted in Figure 5. Therefore, the
PGA may not represent the most significant intensity measure for the structure under consideration. However, since
the interest is not on a fragility analysis of the system, the PGA has been considered as a sufficient parameter for result
interpretation. A linear regression of the base shear against the PGA, presented in Figure 11, shows that the
Metafoundation reduces the base shear with respect to a traditional foundation, and that the optimization procedure
based on PI seems to deliver slightly better results than the EDI procedure. Furthermore, the general trend shows that
the performance of the Metafoundation increases with the foundation flexibility, as predicted by the optimization
results discussed in Section 5.

Figure 12 shows the reduction of the base shear obtained for every optimized Metafoundation. Here, the black
points represent α of (38) obtained for the coupled system subjected to individual seismic records, whereas the red
and blue lines display mean values.

It is possible to observe that the L2H3 foundation increases the base shear although the corresponding linear regres-
sion shows a slight reduction, as depicted in Figure 11A. This is because the regression defines a law between the base
shear and PGA of accelerograms, whereas the mean value of parameter α does not take this relationship into account.
Note that the reduction of base shear of Figure 12 exhibits a certain dispersion due to the variability of accelerograms.
This can be quantified by the coefficient of variation (COV) value computed for each type of foundation. More precisely,
COV varies from 0.292 to 0.359 for the PI‐optimized coupled structure, and from 0.290 to 0.357 for the EDI‐optimized
coupled structure.

Furthermore, in order to display the effect of their isolation capability, the foundation typologies are ordered by their
ε value. An average reduction of the base shear between 10% and 15% can be achieved with the optimized foundations
L1H3 an L1H4. Conversely, poor results are obtained for the two‐layered cases due to the increased stiffness of the foun-
dation. These graphs also support the conclusion that the PI procedure provides a slightly better optimized foundation
than the EDI procedure. The fundamental difference between these procedures is that the PI evaluates the minimal
absolute acceleration of the impulsive mode while the EDI takes into account the energy dissipated by the resonators.

THAs of the coupled foundation‐slender tank systems for the Priolo Gargallo soil corresponding to the OBE events
are not presented for brevity. It shall be mentioned that they show very similar results as for the SSE events and further
underline the functionality of the system.
6.2 | Results for the coupled foundation‐broad tank system

Figure 13 shows the RMS of the base shear of the coupled system foundation‐broad tank with the optimal parameters
obtained for the Priolo Gargallo soil corresponding to the SSE events. Also in this case, each Metafoundation reduces
the base shear with respect to a traditional foundation.

The general trend, shown in Figure 14, highlights the impact of the flexibility on the effectiveness of the
Metafoundation systems. Here, it can be seen that the best performance, for SSE events, was obtained for the L1H4
foundation system achieving a base shear reduction of up to 30%. When comparing these results to the slender tank



FIGURE 11 RMS of the base shear of a slender tank vs PGA of the SSE records: (A) L2H3, (B) L2H4, (C) L1H3, and (D) L1H4 [Colour

figure can be viewed at wileyonlinelibrary.com]
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analyses, it becomes evident that the Metafoundation has a much greater effect on the broad tank system. Even for the
two‐layered setups, the broad tank may experience a demand reduction of about 10% to 15%. This is caused by the
decoupling of the frequencies of the tank from the expected ground motion and further underlines the importance of
the superstructure to the performance of the overall system. Furthermore, COVs of α vary from 0.133 to 0.210 for the
PI‐optimized coupled structure and from 0.127 to 0.217 for the EDI‐optimized coupled structure. The COVs appear to
be smaller than those of the slender tank. As a result, the Metafoundations entail a superior performance for the
coupled foundation‐broad tank.
FIGURE 12 Base shear reduction for a slender tank subjected to SSE events: (A) PI optimization and (B) EDI optimization [Colour figure

can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


FIGURE 13 RMS of the base shear of a

broad tank vs PGA of the SSE records: (A)

L2H3, (B) L2H4, (C) L1H3, (D) L1H4

[Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 14 Base shear reduction for a

broad tank subjected to SSE events: (A) PI

optimization and (B) EDI optimization

[Colour figure can be viewed at

wileyonlinelibrary.com]
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7 | CONCLUSIONS

In this article, we presented a foundation based on a finite locally resonant metamaterial concept, ie, the
Metafoundation, that has been both designed and optimized. In particular, it exploits the properties of metamaterials
and combines them with classical seismic isolation concepts. In order to show that this class of structures can be
built under realistic circumstances, the proposed Metafoundation system has been designed according to the Italian
standards with conservatism. Note that the construction details are not fully developed; however, in order to address
the durability of the system at this early stage, we only use common construction materials and devices such as steel,
concrete, and wire ropes. Furthermore, the system was designed for a highly vulnerable superstructure, namely fuel
storage tanks, and for a very active seismic‐prone site. The tuning of this coupled system has been achieved via two opti-
mization algorithms operating in the frequency domain, which are able to account for the superstructure as well as the
ground motion spectrum. These algorithms are newly established in the field of mechanical metamaterials and show
that the superstructure has a significant influence on the functionality of the Metafoundation. Additionally, they clearly
display the influence of the shear stiffness and, therefore, the isolator‐like properties. After optimizing the parameters of
the Metafoundation, time history analyses were carried out. Favorable results were obtained for the isolation of a broad

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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fuel storage tank with a base shear reduction of about 30%, while for the slender tank, the proposed system seems to be
a bit less effective with maximum reduction capabilities of about 15%. These results lay down the basis for future studies
and developments of the Metafoundation such as tuning several resonators to different frequencies, employing more
advanced optimization procedures, adding another metamaterial‐like concept like negative stiffness elements, or
designing the foundation for the attenuation of the vertical component of an earthquake. Overall, the proposed stan-
dard‐compliant metamaterial‐based foundation, if properly optimized, can effectively reduce stresses in broad/slender
fuel storage tanks for site‐specific seismic hazards.
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APPENDIX A.

In this Appendix, we show how to estimate the time modulating function of the power spectral density (PSD) function
for time modulated zero‐mean Gaussian processes that represent the seismic records introduced in Section 2.4. At the
outset, the PSD function can be written as

S ω; tð Þ ¼ ϕ2 tð ÞSst ωð Þ (A:1)

in which ϕ(t), ϕ(t) ≤ 1, is the time modulating function and Sst (ω) is the stationary PSD function. With a set of N seismic

records denoted with e€ug ið Þ tð Þ where i = 1,2, …, N, we can define an estimate eϕ tð Þ of ϕ(t) as

eϕ tð Þ ¼ eσ tð Þ
max eσ tð Þjt ∈ 0;T½ �½ (A:2)

where eσ tð Þ is the estimate of the standard deviation of the recorded signals and T is the duration of the process. By

means this time modulating function eϕ tð Þ, to a set of nonstationary signals €ug;st
ið Þ tð Þ, a set of pseudostationary signals

e€ug;st ið Þ tð Þ can be evaluated as

e€ug;st ið Þ tð Þ ¼
e€ug ið Þ tð Þeϕ tð Þ (A:3)

With the Fourier transform of €ug;st
ið Þ tð Þ, we can discretize a finite set of normal random variables realized as stationary

Gaussian processes as

€ug;st tð Þ≅ ∑
M=2

p¼1
Ap cos ωpt

� �þ Bp sin ωpt
� �� �

(A:4)

where ωp is the sampled frequency with frequency increment Δω = 2π/T and M being the total amount of time steps of
each signal. Ap and Bp are zero mean Gaussian random variables, the so‐called Fourier coefficients, and can be
evaluated as

Ap
ið Þ ¼ 2

M
∑
M

k¼1

e€ug;st ið Þ tkð Þ cos ωptk
� �h i

Bp
ið Þ ¼ 2

M
∑
M

k¼1

e€ug;st ið Þ tkð Þ sin ωptk
� �h i

(A:5)

Since the Fourier coefficients are uncorrelated for different frequencies, ie, E [ApAq] = E [BpBq] = E [ApBq] = 0, for
p ≠ q, we can find,

E ApAp
� � ¼ E BpBp

� � ¼ 2Sst ωp
� �

Δω E ApBp
� � ¼ 0 (A:6)

Finally, using (A.5) and (A.6), an estimate of the stationary PSD function eSst ωp
� �

of the records €ug;st
ið Þ tð Þ can be esti-

mated as

eSst ωp
� � ¼ 1

NM
2Δ

ω ∑
N

i¼1
∑
M

k¼1

e€ug;st ið Þ tkð Þei ωptk�
h 			2					 (A:7)
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